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Abstract
By applying a simple symmetry reduction on a two-layer liquid model, a nonlocal counterpart
of it is obtained. Then a general form of nonlocal nonlinear Schro¨dinger (NNLS) equation with
shifted parity, charge-conjugate and delayed time reversal is obtained by using multi-scale expansion
method. Some kinds of elliptic periodic wave solutions of the NNLS equation are obtained by using
function expansion method, which contain soliton solutions and kink solutions when the modulus
taking as unity. Some representative figures of these solutions are given and analyzed in detail. In
addition, by carrying out the classical symmetry method on the NNLS equation, not only the Lie
symmetry group but also the related symmetry reduction solutions are given.
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I. INTRODUCTION
In 2013, Ablowitz and Musslimani [1] introduced a PT symmetric nonlocal Schro¨dinger
(NNLS) equation
iqt(x, t) = qxx(x, t)± q(x, t)q∗(−x, t)q(x, t), (1)
with ∗ being complex conjugate and q being a complex valued function of the real variables
x and t. Eq. (1) is an integrable infinite dimensional Hamiltonian equation, which can be
solved by inverse scattering transform and possesses infinitely number of conservation laws.
Soon thereafter interest in nonlocal nonlinear systems has grown significantly and many
nonlocal systems have been constructed by making nonlocal symmetry reductions of some
general AKNS scattering problems, such as the nonlocal derivative nonlinear Schro¨dinger
equation, nonlocal modified KdV equation, nonlocal sine-Gordon equation, nonlocal Davey-
Stewartson equation, nonlocal Ablowitz-Ladik equation, and so on [2–5]. At the same time
many effective methods, such as Hirota’s bilinear method, inverse scattering theory, Darboux
transformations and so on, are developed to find N-soliton solutions, conservation laws,
rational solitons solutions, rogue waves, peakon solutions, etc., of nonlocal systems[3, 4, 6–9]
Due to the abundant existence of nonlocal phenomenon in real nature [10–13], Lou inves-
tigated nonlocal systems from perspective of physics and introduced the concept of “Alice-
Bob” (AB) system to study two intrinsically correlated events A and B, which linked each
other by B = fˆA with fˆ being a suitably chosen operator. By applying the “AB − BA
equivalence principle” and “Pˆs-Tˆd-Cˆ principle”, many AB-type nonlocal versions of cele-
brated physical nonlinear equations have been obtained and studied, such as KdV equation,
mKdV equation, KP equation, Schro¨dinger equation, etc. [14–17]. Moreover, various exact
solutions of these nonlocal systems are investigated with different methods. For example,
for the AB-type KdV equation in [16], PsTd invariant multiple soliton solutions are obtained
from the known ones of the KdV equation by fixing some arbitrary parameters therein, while
PsTd symmetry breaking solutions are obtained from the solutions of a coupled KdV system.
However, for some non-integrable nonlocal systems it is difficult to solve them exactly. In
this case, multi-scale expansion method have proven to be a efficient tool to find approx-
imate solutions of many important physical models, by reducing them into some familiar
equations, often with good integrability [18–20]. It is well known that symmetry analysis
plays an important role in simplifying and even completely solving complicated nonlinear
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problems [21]. Applying Lie’s standard symmetry method on integrable nonlinear equa-
tions, not only symmetry group but also symmetry reduction solutions can be obtained in
a systematic way [22–24]. So it is interesting to applying this method on nonlocal systems
and probing the new features therein.
The paper is organized as follows. In Sect. II, at first, a nonlocal version of a two-layer
liquid model is obtained by using “AB−BA equivalence principle”, then a general nonlocal
nonlinear Schro¨dinger (NNLS) equation with shifted parity, charge conjugate and delayed
time reversal is derived from it by using multi-scale method. In Sect. III, 6 types of elliptic
wave solutions of the NNLS equation are obtained by using function expansion method,
which reduce to kink (anti-kink) or bright (dark) type soliton solutions when taking the
modulus as unity. Meanwhile, some representative solutions of them are shown graphically
and analyzed in detail. In Sect. IV, applying Lie’s standard symmetry method on the
NNLS equation, not only the symmetry group but also the symmetry reduction solutions
are obtained. The last section devotes to a summary and discussion.
II. DERIVATION OF A GENERAL NONLOCAL NONLINEAR SCHRO¨DINGER
EQUATION WITH SHIFTED PARITY, CHARGE CONJUGATE AND DELAYED
TIME REVERSAL
In this section, we take a two-layer liquid model [25]
q1t + J{ψ1, q1}+ βψ1x = 0, (2)
q2t + J{ψ2, q2}+ βψ2x = 0, (3)
where
q1 = ψ1xx + ψ1yy + F (ψ2 − ψ1), (4)
q2 = ψ2xx + ψ2yy + F (ψ1 − ψ2), (5)
J{a, b} = axby − bxay, (6)
as a starting point to derive a general nonlocal nonlinear Schro¨dinger equation. In Eqs.
(2)-(5), F is a small constant, indicating coupling strength between two layers of fluid;
β = β0(L
2/U) with β0 = (2ω0/a0) cos(ϕ0), where a0, ω0, ϕ0 being the earth’s radius, the
angular frequency of the earth’s rotation and the latitude, respectively, U is the characteristic
3
velocity scale and L is characteristic horizontal length scale. In derivation of Eqs. (2)-(3) in
Ref. [25], the constants are fixed as L = 106m and U = 10−1ms−1.
The nonlocal version of the two-layer liquid model (2)-(3) can be easily obtained by
applying the so called“AB-BA equivalence principle” and “Pˆs-Tˆd-Cˆ principle”, i.e. by making
the following symmetry constraint
ψ2 = fˆψ1 ≡ Pˆ xs TˆdCψ1 = ψ∗1(−x+ x0, y,−t+ t0). (7)
In order to derive a nonlocal nonlinear Schro¨dinger (NNLS) equation, under the long
wave approximation assumption in x-direction, the stream function is assumed as
ψ1 = ψ1(x, y, t, ξ, τ) = ψ1(x, y, t, (x− c0t), 2t), (8)
where  is a small parameter and c0 is an arbitrary constant. Here, we change the form of
ψ1 as
ψ1 = c1 +m0y + ψ11(x, y, t, ξ, τ), (9)
with c1 and m0 being arbitrary constants and the last term can be expanded as
ψ11(x, y, t, ξ, τ) = φ11 + 
2φ12 + 
3φ13 +O(
4), (10)
with φ1i ≡ φ1,i(x, y, t, ξ, τ), (i = 1, 2, 3) being functions of indicated variables, while F in
the two-layer model can be taken as
F = F0
2, (11)
which is in consideration of the far weak coupling between two layers of the fluid.
Substituting Eq. (8) with Eqs. (9), (10) and (11) into Eqs. (2) and (3) with (4), (5), (6)
and vanishing coefficients of O(), we obtain
m0(φ11yyx + φ11xxx)− βφ11x − (φ11yy + φ11xx)t = 0, (12)
and
m0(φ21yyx + φ21xxx)− βφ21x − (φ21yy + φ21xx)t = 0, (13)
where φ21 = Pˆ
x
s Pˆ
ξ
s Tˆ
t
dTˆ
τ
d Cˆφ11 = φ
∗
11(−x+ x0, y,−t+ t0,−ξ + ξ0,−τ + τ0).
The solutions of Eqs. (12) and (13) can be supposed having the form
φ11 = G0(y)A(ξ, τ)e
i[k(x−x0
2
)−ω(t− t0
2
)] + c.c. ≡ G0Aei[k(x−
x0
2
)−ω(t− t0
2
)] + c.c., (14)
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and
φ21 = G0(y)B(ξ, τ)e
i[k(x−x0
2
)−ω(t− t0
2
)] + c.c. ≡ G0Bei[k(x−
x0
2
)−ω(t− t0
2
)] + c.c., (15)
with B(ξ, τ) = Pˆ ξs Tˆ
τ
d CˆA = A
∗(−ξ+ ξ0,−τ + τ0) , where “c.c. ” means complex conjugation
of the previous terms. Now, by substituting Eqs. (14) and (15) into Eqs. (12) and (13), we
have
G0yy =
G0k(m0k
2 + kω + β)
m0k + ω
, (16)
which has a general solution
G0 = m2 sin
[
y
√ −kβ
km0 + ω
− k2 +m1
]
, (17)
with arbitrary constants m1 and m2.
Next, vanishing the coefficients of O(2) and O(3), respectively, lead to
(φ12x + φ11ξ)β − c0(φ11yyξ + φ11xxξ)−m0(3φ11xxξ + φ11yyξ + φ12yyx + φ12xxx) + φ11xφ11yxx
+ φ11xφ11yyy − φ11yyxφ11y − φ11xxxφ11y + φ12yyt + 2φ11ξxt + φ12xxt = 0, (18)
(φ22x + φ21ξ)β − c0(φ21yyξ + φ21xxξ)−m0(3φ21xxξ + φ21yyξ + φ22yyx + φ22xxx) + φ21xφ21yxx
+ φ21xφ21yyy − φ21yyxφ21y − φ21xxxφ21y + φ22yyt + 2φ21ξxt + φ22xxt = 0, (19)
and
(φ12ξ + φ13x)β − (φ12yyξ + 2φ11ξξx + φ12ξxx)c0 + (F0φ21x + F0φ11x − φ13yyx − φ12yyξ − φ13xxx
− 3φ11ξξx − 3φ12ξxx)m0 − F0φ11t − F0φ21t + φ12xφ11yyy + φ12xφ11yxx + φ11ξφ11yyy + φ11ξφ11yxx
+ φ11xφ12yxx − φ11yφ12yyx − φ11yφ11yyξ − φ11yφ12xxx − 3φ11yφ11ξxx − φ12yφ11yyx − φ12yφ11xxx
+ φ11xφ12yyy + 2φ11xφ11yξx + φ11xxτ + 2φ12ξxt + φ13yyt + φ11yyτ + φ11ξξt + φ13xxt = 0, (20)
(φ22ξ + φ23x)β − (φ22yyξ + 2φ21ξξx + φ22ξxx)c0 + (F0φ11x + F0φ21x − φ23yyx − φ22yyξ − φ23xxx
− 3φ21ξξx − 3φ22ξxx)m0 − F0φ21t − F0φ21t + φ22xφ21yyy + φ22xφ21yxx + φ21ξφ21yyy + φ21ξφ21yxx
+ φ21xφ22yxx − φ21yφ22yyx − φ21yφ21yyξ − φ21yφ22xxx − 3φ21yφ21ξxx − φ22yφ21yyx − φ22yφ21xxx
+ φ21xφ22yyy + 2φ21xφ21yξx + φ21xxτ + 2φ22ξxt + φ23yyt + φ21yyτ + φ21ξξt + φ23xxt = 0, (21)
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where φ2i = Pˆ
x
s Pˆ
ξ
s Tˆ
t
dTˆ
τ
d Cˆφ1i = φ
∗
1i(−x+ x0, y,−t+ t0,−ξ + ξ0,−τ + τ0), (i = 2, 3).
It can be verified that φ12 and φ22 in Eqs. (18) and (19) have the following form
φ12 = (G1B+G2A+iG3Aξ)e
i[k(x−x0
2
)−ω(t− t0
2
)]+c.c.+G4 |A|2+G5 |B|2+G6(AB∗+A∗B), (22)
and
φ22 = (G1A+G2B−iG3Bξ)ei[k(x−
x0
2
)−ω(t− t0
2
)]+c.c.+G4 |B|2+G5 |A|2+G6(AB∗+A∗B), (23)
where Gi (i = 1, 2, 3) are determined by
G1yy =
G1k(m0k
2 + kω + β)
m0k + ω
, (24a)
G2yy =
G2k(m0k
2 + kω + β)
m0k + ω
, (24b)
G3yy =
[(c0k − ω)β − 2k(m0k + ω)2]G0 + k(m0k + ω)(m0k2 + kω + β)G3
(m0k + ω)2
. (24c)
Substituting Eqs. (22), (23) with Eq. (24) into Eq. (20) and setting φ13 = φ23 = 0, we get
γ1e
i[k(x−x0
2
)−ω(t− t0
2
)] + γ∗1e
−i[k(x−x0
2
)−ω(t− t0
2
)] + γ0 = 0, (25)
where
γ1 = G0βk(m0k+ω)Aτ + (m0k+ω)(2m
2
0k
3 + 4m0k
2ω−βc0k+ 2kω2 +βω)(AξG2 +BξG1)
− i[G4y |A|2 + AB∗G6y + A∗BG6y +G5y |B|2 ]AG0β(m0k + ω)k2 + {2iG3m30k4
+ im20(6G3ω −G0m0)k3 − im0(G3βc0 − 6G3ω2 + 3G0m0ω)k2 + i[2G3ω3 −G3β(c0 −m0)ω
−G0βc0(c0+m0)−3G0m0ω2]k+ iω(G3βω+2G0βc0−G0ω2)
}
Aξξ + i
[
G4yyy |A|2+AB∗G6yyy
+ A∗BG6yyy +G5yyy |B|2
]
AG0k(m0k + ω)
2 + iF0(A+B)G0(m0k + ω)
3, (26)
and
γ0 =
{
[2G0βk(c0k − ω)G0y − (km0 + ω)2(c0 +m0)G4yy +G4β(km0 + ω)2]A∗
− (km0+ω)2[(c0+m0)G6yy−G6β]B∗
}
A∗ξ +
{
[2G0βk(c0k−ω)G0y− (km0+ω)2(c0+m0)G4yy
+G4β(km0+ω)
2]A−(km0+ω)2(G6yyc0+G6yym0−G6β)B
}
A∗ξ−(km0+ω)2
{
(G6yyc0+G6yym0
−G6β)A∗ + (G5yyc0 +G5yym0 −G5β)B∗
}
Bξ − (km0 + ω)2(G6yyc0 +G6yym0 −G6β)B∗ξA
− (km0 + ω)2(G5yyc0 +G5yym0 −G5β)B∗ξB. (27)
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It is obvious that the coefficients of different powers of exponentials in Eq. (25) must to be
zero. As for γ0 = 0, it leads to
G4yy =
β[2kG0y(c0k − ω)G0 + (m0k + ω)2G4]
(c0 +m0)(m0k + ω)2
, (28a)
G5yy =
βG5
m0 + c0
, (28b)
G6yy =
βG6
m0 + c0
. (28c)
Substituting Eq. (28) into Eq. (26) and setting it to zero, we finally get the desired NNLS
equation
iAτ +e1Aξξ+ ie2Aξ+ ie3Bξ+e4 |A|2A+e5B∗A2+e6(|A|2B+ |B|2A)+e7A+e7B = 0, (29)
with
B(ξ, τ) = Pˆ ξs Tˆ
τ
d CˆA, (30)
where the constants ei (i = 1 · · · 7) are determined by
e1 = − 1
y0(m0k + ω)βk
∫ y0
0
1
G0
[(m0k + ω)
3(2G3k −G0)− (c0k − ω)(G3m0k +G3ω
+G0c0 +G0m0)β]dy, (31)
e2 =
1
y0βk
∫ y0
0
1
G0
[2k(km0 + ω)
2 − (c0k − ω)β]G2dy, (32)
e3 =
1
y0βk
∫ y0
0
1
G0
[2k(km0 + ω)
2 − (c0k − ω)β]G1dy, (33)
e4 =
(c0k − ω)
(c0 +m0)y0(m0k + ω)2
∫ y0
0
[− 2k(km0 + ω)G20y + (km0 + ω)2G4y
− 2k2(k2m0 + kω + β)G20
]
dy, (34)
e5 =
1
(c0 +m0)y0
∫ y0
0
(c0k − ω)G6ydy, (35)
e6 =
1
(c0 +m0)y0
∫ y0
0
(c0k − ω)G5ydy, (36)
e7 = −F0(m0k + ω)
2
βk
. (37)
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III. PERIODIC WAVE SOLUTIONS OF THE NONLOCAL NONLINEAR
SCHRO¨DINGER EQUATION
As well known, function expansion method is efficient in obtaining exact solutions for
nonlinear equations. As for the NNLS equation (29), we use elliptic function expansion
method to get the following 6 types of periodic wave solutions.
Solution 1 The first periodic wave solution is
A = ±mk
√
2e1
e5 − e4SNe
i[k1(ξ− ξ02 )+ω1(τ−
τ0
2
)], (38)
with SN ≡ sn[k(ξ − ξ0
2
) + ω(τ − τ0
2
),m], m being modulus of the Jacobi elliptic sn function,
and
k1 = −e2k − e3k + ω
2e1k
, ω1 = −k
2[4e21k
2(m2 + 1)− (e2 − e3)2] + ω2
4e1k2
. (39)
Solution 2 The second periodic wave solution is
A = ±mk
√
2e1
e4 + e5 + 2e6
CNei[k1(ξ−
ξ0
2
)+ω1(τ− τ02 )], (40)
with CN ≡ cn[k(ξ− ξ0
2
) +ω(τ − τ0
2
),m], m being modulus of the Jacobi elliptic cn function,
and
k1 = −e2k + e3k + ω
2e1k
, ω1 =
k2[4e21k
2(2m2 − 1) + 8e1e7 + (e2 + e3)2]− ω2
4e1k2
. (41)
Solution 3 The third periodic wave solution is
A = ±k
√
2e1
e4 + e5 + 2e6
DNei[k1(ξ−
ξ0
2
)+ω1(τ− τ02 )], (42)
with DN ≡ dn[k(ξ− ξ0
2
) +ω(τ − τ0
2
),m], m being modulus of the Jacobi elliptic dn function,
and
k1 = −e2k + e3k + ω
2e1k
, ω1 = −k
2[4e21k
2(m2 − 2)− 8e1e7 − (e2 + e3)2] + ω2
4e1k2
. (43)
Solution 4 The fourth periodic wave solution is
A = ±k
√
e1
2(e4 + e5 + 2e6)
(DN±mCN)ei[k1(ξ− ξ02 )+ω1(τ− τ02 )], (44)
with
k1 = −e2k + e3k + ω
2e1k
, ω1 =
k2[2e21k
2(m2 + 1) + 8e1e7 + (e2 + e3)
2]− ω2
4e1k2
. (45)
Solution 5 Under the condition e3 = 0 and e4 = e6, the fifth periodic wave solution is
A =
2m
√−(e5m2 + 3e6m2 + e5 − e6)e7
e5m2 + 3e6m2 + e5 − e6 (DN + SN)e
i[k1(ξ− ξ02 )+ω1(τ−
τ0
2
)], (46)
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with
k1 = −e1ω + e2
√−2e1e7
2e1
√−2e1e7
, k =
√−2e1e7
e1
, (47)
and
ω1 =
2e7(e5m
4 + 3e6m
4 − 4e6m2 + e5 − e6)
e5m2 + 3e6m2 + e5 − e6 +
ω2
8e7
+
e22
4e1
. (48)
Solution 6 Under the condition e3 = 0 and e4 = e6, the sixth periodic wave solution reads
A =
√ −2e7
e5 + e6
(SN + CN)ei[k1(ξ−
ξ0
2
)+ω1(τ− τ02 )], (49)
with
k1 = −e1mω + e2
√−2e1e7
2e1
√−2e1e7
, k =
√−2e1e7
e1m
, (50)
and
ω1 =
(e5 + e6)e1(m
4ω2 + 16e27)− 2e7(16e1e6e7 − e22e5 − e22e6)m2
8e1e7m2(e5 + e6)
. (51)
Here are some remarks on the above solutions. First, it is remarked that unlike the solu-
tions of 5 and 6, the solutions of 1-4 are obtained without any constraints on the coefficients
of the NNLS equation, which can have more potential applications in real physics. Second,
from the odd or even property of Jacobi elliptic functions, the solutions of 1, 5, 6 are Pˆ ξs Tˆ
τ
d Cˆ
symmetry breaking, while the other ones, i.e. solutions of 2, 3, 4, are Pˆ ξs Tˆ
τ
d Cˆ symmetry
invariants. Third, when the modulus m taking as unity, the solutions of 1 becomes kink or
anti-kink soliton, the solutions of 2, 3, 4 become bright or dark solitons, while solutions of
5 and 6 are interaction solutions between these two kinds of solitons.
To show some special features of these solutions, we show some representative ones graph-
ically. Fig. 1(a), 1(b) show three dimensional structure of |A| and |AB| of the solution 4,
respectively, where the parameters are fixed as
e1 = e2 = e4 = e5 = e6 = k = ω = ξ0 = τ0 = 1, e3 = 0, e7 = −1,m = 0.9, (52)
while Fig. 2(a) shows them both one dimensionally at τ = 0. When taking m = 1 and other
parameters remain unchanged as in Eq. (52), the quantities |A| and |AB| of the solution 4
become bright solitons, both of which are depicted one dimensionally in Fig. 2(b). It can
be seen from Fig. (1) that |A| and |AB| are all periodic waves, but Fig. 2(a) shows that the
latter one has a longer period but smaller amplitude than the former one. As for the bright
solitons, Fig. 2(b) shows that the amplitude of soliton |A| is bigger than the one of soliton
|AB|.
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(a) (b)
FIG. 1: The three dimensional structure of the solution 4 with the parameters in Eq. (52) for the
quantity |A| (left) and |AB| (right).
(a) (b)
FIG. 2: The one dimensional plot of the solution 4: (a) the wave patterns of |A| (blue-dash line)
and |AB| (black-solid line) with the parameters in Eq. (52) and τ = 0; (b) when the parameters
being fixed as e1 = e2 = e4 = e5 = e6 = k = ω = ξ0 = τ0 = 1, e3 = 0, e7 = −1,m = 1 the structure
of |A| (blue-dash line) and |AB| (black-solid line).
Similarly, Fig. 3(a), 3(b) show three dimensional structure of |A| and |AB| of the solution
5, respectively, with parameters being the same as (52), while Fig. 4(a) shows them both
one-dimensionally at τ = 0. When taking m = 1 and other parameters remain unchanged
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(a) (b)
FIG. 3: The three dimensional structure of the solution 5 with the parameters in Eq. (52) for the
quantity A (left) and AB (right).
as in Eq. (52), the quantities |A| and |AB| of the solution 5 are depicted one dimensionally
in Fig. 4(b). It is interesting to find from Fig. (3) that the quantity |A| represents a
irregular wave, which have a small vibration on the top of the wave, while the quantity |AB|
represents a double-amplitude wave pattern, which can also be observed clearly from Fig.
4(a). On the other hand, when taking m = 1, Fig. 4(b) shows that the quantities |A| and
|AB| have a dipole soliton structure, among which, |A| has one bright soliton and one dark
soliton, while |AB| has two dark solitons.
IV. SYMMETRY REDUCTION SOLUTIONS OF THE NONLOCAL NONLIN-
EAR SCHRO¨DINGER EQUATION
In this section, we apply the standard Lie symmetry method to study the symmetry
properties of the NNLS equation (29) with (30). The general vector form of Lie point
symmetry of the NNLS equation can be written as
V = X
∂
∂ξ
+ T
∂
∂τ
+ Γ1
∂
∂A
+ Γ2
∂
∂A∗
+ Λ1
∂
∂B
+ Λ2
∂
∂B∗
. (53)
In other words, the NNLS equation (30) with its Pˆ ξs Tˆ
τ
d Cˆ counterpart
iBτ +e1Bξξ+ ie2Bξ+ ie3Aξ+e4 |B|2B+e5A∗B2+e6(|B|2A+ |A|2B)+e7A+e7B = 0, (54)
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(a) (b)
FIG. 4: The one dimensional plot of the solution 5: (a) the wave patterns of |A| (blue-dash line)
and |AB| (black-solid line) with the parameters in Eq. (52) and τ = 0; (b) when the parameters
being fixed as e1 = e2 = e4 = e5 = e6 = k = ω = ξ0 = τ0 = 1, e3 = 0, e7 = −1,m = 1 the structure
of |A| (blue-dash line) and |AB| (black-solid line).
are invariant under the transformation
{ξ, τ, A,A∗, B,B∗} → {ξ + X, τ + T,A+ Γ1, A∗ + Γ2, B + Λ1, B∗ + Λ2}, (55)
with the infinitesimal parameter . Equivalently, the symmetry in the form (53) can be
written as a function form as
σA = XAξ + TAτ − Γ1, (56a)
σA∗ = XA
∗
ξ + TA
∗
τ − Γ2, (56b)
σB = XBξ + TBτ − Λ1, (56c)
σB∗ = XB
∗
ξ + TB
∗
τ − Λ2, (56d)
where σA and σB satisfy the linearized equations of Eqs. (29), (30) and (54), i.e.,
e1σA,ξξ + iσA,τ + ie2σA,ξ + ie3σB,ξ + e6(σA∗ + σB∗)A
2 + e6[(σA∗ + σB∗)B
+ (A∗ +B∗)(2σA + σB)]A+ e6σA(A∗ +B∗)B + e7(σA + σB) = 0, (57a)
12
e1σB,ξξ + iσB,τ + ie2σB,ξ + ie3σA,ξ + e6(σB∗ + σA∗)B
2 + e6[(σB∗ + σA∗)B
+ (A∗ +B∗)σB]A+ e6(σA + 2σB)(A∗ +B∗)B + e7(σA + σB) = 0, (57b)
σA∗ = σB(−ξ + ξ0,−τ + τ0), σA = σB∗(−ξ + ξ0,−τ + τ0), (57c)
Substituting (56) with Eqs. (29), (54) into (57) and vanishing all the coefficients of the
independent partial derivatives of variables A, A∗, B and B∗, a system of over determined
linear equations for X,T,Γ1,Γ2,Λ1,Λ2 are obtained. Calculated by computer, we get the
desired solutions
X =
c1
2
ξ, T = c1τ, Λ1 = −
[ic1e3e7ξ + ie7c1(e2 − e3)2τ
e22 + e
2
3
− c1
2
]
A
Γ1 =
ic1e2e7ξ
e22 + e
2
3
A+
[ic1e3e7ξ + ic1e7(e2 − e3)2τ
e22 + e
2
3
− c1
2
]
B,
Γ2 = Γ
∗
1, Λ2 = Λ
∗
1, (58)
under the condition of e4 = e5 = e6 and ξ0 = τ0 = 0, where c1 is an arbitrary constant.
Now, by substituting (58) into (56), one obtains
σA =
c1
2
ξAξ + c1τAτ − ic1e2e7ξ
e22 + e32
A− [ic1e3e7ξ + ic1e7(e2 − e3)2τ
e22 + e32
− c1
2
]
B, (59a)
σA∗ =
c1
2
ξA∗ξ + c1τA
∗
τ +
ic1e2e7ξ
e22 + e32
A∗ +
[ic1e3e7ξ + ic1e7(e2 − e3)2τ
e22 + e32
+
c1
2
]
B∗, (59b)
σB =
c1
2
Bξ + c1τBτ +
[ic1e3e7ξ + ie7c1(e2 − e3)2τ
e22 + e
2
3
− c1
2
]
A, (59c)
σB∗ =
c1
2
B∗ξ + c1τB
∗
τ −
[ic1e3e7ξ + ie7c1(e2 − e3)2τ
e22 + e
2
3
+
c1
2
]
A∗. (59d)
The group invariant solutions of the NNLS equation can be obtained by solving (59) under
the condition σA = σ
∗
A = σB = σ
∗
B = 0, alternatively, solving the corresponding characteris-
tic equation
dξ
c1
2
ξ
=
dτ
c1τ
=
dA
ic1e2e7ξ
e22+e32
A+
[ ic1e3e7ξ+ic1e7(e2−e3)2τ
e22+e32
− c1
2
]
B
=
dB
−[ ic1e3e7ξ+ie7c1(e2−e3)2τ
e22+e
2
3
− c1
2
]
A
=
dA∗
− ic1e2e7ξ
e22+e32
A∗ − [ ic1e3e7ξ+ic1e7(e2−e3)2τ
e22+e32
+ c1
2
]
B∗
=
dB∗[ ic1e3e7ξ+ie7c1(e2−e3)2τ
e22+e
2
3
+ c1
2
]
A∗
. (60)
Under the condition e2 = e3 and 2e1e7 + e
2
3 = 0, by solving out Eq. (60), the symmetry
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reduction solutions of the NNLS equation (29) with (30) are
A =
1√
τ
(Φ1τ + Ψ1e
2ie7
√
τζ
e3 ), (61)
B = − 1√
τ
(Φ1τ −Ψ1e
2ie7
√
τζ
e3 ), (62)
A∗ =
√
i
τ
(Φ2τ + Ψ2e
−2ie7
√
τζ
e3 ), (63)
B∗ = −
√
i
τ
(Φ2τ −Ψ2e
−2ie7
√
τζ
e3 ), (64)
where Φ1, Ψ1, Φ2, Ψ2 are invariant functions of ζ =
ξ√
τ
.
Substituting Eqs. (61), (62), (63) and (64) into the NNLS equation (29), (54) with (30)
yields the symmetry reduction equations
4e6e7(1 + i)
√
2Ψ2Ψ
2
1 + ie7Ψ1 + ie7Ψ1,ζζ + e
2
3Ψ1,ζζ = 0, (65)
4e6e7(1 + i)
√
2Ψ2Φ1Ψ1 − ie7Φ1 + ie7Φ1,ζζ + e23Φ1,ζζ = 0, (66)
Ψ2(ζ) =
1 + i
2
√
2Ψ1(iζ), Φ2(ζ) =
1 + i
2
√
2Φ1(iζ), (67)
with Ψ1(−ζ) = −Ψ1(ζ) and Φ1(−ζ) = −Φ1(ζ).
V. CONCLUSION AND DISCUSSION
In summary, a general form of NNLS equation with shifted space parity, delayed time
reversal and charge-conjugate is derived from a nonlocal version of two-layer liquid model
by using multi-scale expansion method. Various types of periodic wave solutions of the
NNLS equation are obtained by using elliptic expansion method, which become kink (anti-
kink) or bright (dark) type soliton solutions when the modulus approaching to unity. Also,
some figures are plotted and analyzed to reveal some interesting features of these solutions.
Applying Lie’s standard symmetry method directly to nonlocal systems is a challenging task,
which are rarely investigated in other literatures. Fortunately, we successfully obtained not
only the symmetry group but also symmetry reduction solution under some constraints
of the coefficients of the NNLS equation, through which plenty of new solutions could be
found. In consideration of the important role of the nonlinear Schro¨dinger equation playing
in various physical fields, it is deserved to be studied furthermore in the future.
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